We encounter work by Enochs, Rada and Hill in module approximation theory with work undertaken by several group theorists and algebraic topologists in the context of homotopical localization and cellularization of spaces. This allows to consider envelopes and covers of arbitrary groups. We show some characterizing results for certain classes of groups, give examples, and leave some questions open.
In some special classes of groups it is possible to give a complete list of cellular covers.
See for instance the recent work by Blomgren, Chachólski, Farjoun, and Segev [3] where a complete classification of all cellular covers of each finite simple group is given.
However, in other cases, the classification is not attainable, as we may obtain proper classes of examples. The use of infinite combinatorial principles, like Shelah's Black Box and its relatives, has allowed to produce either arbitrarily large localizations or cellular covers for certain groups. For instance, in [22] and [24] the authors constructed large localizations of finite simple groups. Countable as well as arbitrarily large cellular covers of cotorsion-free abelian groups with given ranks have been constructed in [6] , [7] , [23] .
New interesting results have been achieved in [21] where Göbel, Herden, and Shelah have constructed absolute E-rings (localizations of Z) of size below the first Erdös cardinal, which has yielded the solution of an old problem by Fuchs. We recommend the book by Göbel and Trlifaj [25] for an updated and detailed recording of this subject.
Some of the previous constructions could be adapted to find new envelopes and covers of groups, by relaxing appropriately the uniqueness property. We call a group homomorphism i : H → G to be a envelope if composition induces a surjection End(G) ։ Hom(H, G) and every endomorphism ψ : G → G such that ψi = i is an automorphism.
Covers are dually defined (see Section 2 for details).
These notions will have interesting applications in related areas such as homotopical localization of spectra and spaces, or module approximation theory (see Remark 2.1).
Insisting on the above, the spark that motivated the writing of this paper was to relate notions given in several contexts. Indeed, Enochs and Rada [14] , and Hill [28] considered torsion free covers of abelian groups having trivial co-Galois group. Our Theorem 3.1 ensures that in fact, F -covers of arbitrary groups with trivial co-Galois group are cellular covers, for any class F of groups. This overlaps work by Buckner-Dugas [6] and FarjounGöbel-Shelah-Segev [18] . The corresponding result for envelopes holds under certain restrictions. We show in Theorem 3.6 that if H → G is an F -envelope with trivial Galois group, and G is nilpotent or H is abelian then H → G is a localization, but in general this might fail, although we have not found any counterexample.
In Section 4 we provide some more results, examples and counterexamples of envelopes of groups, and also some open questions for further work.
Envelopes and covers for groups
We next adapt some well known notions of envelopes and covers of modules to the category of groups. This yields a weaker version of (co)-localization theory (see e.g. [4] , [16] , [29] ), where the class of (co)-local groups is replaced by an arbitrary class of groups F , which is not closed under retractions, nor (co)-limits in general.
We follow Enochs and Xu's terminoloy (see e.g. [13] , [39] ). Let F be a class of groups closed under isomorphisms. A group homomorphism ϕ : H → G is called an
F -precovers and F -covers with respect to a class of groups F are defined dually.
Let ϕ : H → G be an F -envelope of a group H. The Galois group of ϕ is defined as the subgroup Gal(ϕ) ⊆ Aut(G) consisting of those automorphisms f of G such that ϕ = f ϕ. The co-Galois group coGal(ϕ) of an F -cover ϕ : G → H is defined dually.
Note that F -envelopes or F -covers are determined up to isomorphism, whenever they exist. A class of groups F is said to be (pre)enveloping if every group admits an F -(pre)envelope. Dually, it is said to be (pre)covering if every group admits an F -(pre)cover. 2. In any category, injective hulls with respect to a given class of morphisms I (which contains the identity morphisms), correspond exactly to F -envelopes, where F is the class of I-injective objects (i.e. those objects X such that Hom(B, X) → Hom(A, X)
is surjective for all A → B in I). The dual result for covers also holds (cf. [32,
Proposition 3]).
3. A preenveloping class F is known in category theory as a weakly reflective subcategory (see e.g. [27] ). For this, we choose an F -preenvelope η : X → RX for every object X; This is a weak reflection onto F . Note that this choice need not be functorial. In this context, weak factorization systems give rise to envelopes and covers, when one factorizes morphisms into the terminal object, and morphisms from the initial object, respectively.
In this paper we focuss on envelopes and covers for certain groups. We will exploit the following notion: End(G) → Hom(H, G) is surjective and the preimage of ϕ is contained in Aut(G).
A homomorphism ϕ : G → H is a cover if and only if ϕ
surjective and the preimage of ϕ is contained in Aut(G).
Proof. For the converse in both cases take F = {G}. It is clear that ϕ is an F -envelope (F -cover, respectively). ✷ As in the case of modules, we have the following reduction for groups:
Im (ϕ) ֒→ G is an F -envelope with the same Galois group. Dually, if ϕ : G → H is an
is also an F -cover with the same co-Galois group. ✷
On the other hand, surjective preenvelopes and monomorphic precovers are completely described by socles and radicals as we next observe.
Recall that given a class E of group epimorphisms, the E-socle S E (H) of a group H is the (normal) subgroup generated by ψ(Ker ϕ) where ψ : E → H and ϕ : E→ →E ′ is in E. If F is any class of groups and E = {ϕ : F → 1, F ∈ F }, then the E-socle of H is called the
is a limit ordinal. The quotient H→ →H/T E (H) is the epireflection with respect to E (see e.g. [33] ).
Proposition 2.6 Let F be any class of groups. Then, the following are equivalent:
Recall some terminology of orthogonal pairs from localization theory. Given a class of groups F we denote by ⊥ F the class of homomorphisms g : A → B that induce a bijection g * : Hom(B, F ) ∼ = Hom(A, F ) for all F ∈ F , where g * (h) = hg. For a class E of homomorphisms, E ⊥ denotes the class of groups G such that g
Proposition 2.7 Let F be any class of groups. Then, the following are equivalent:
Suppose (b). Then f is in ⊥ F because f is an F -envelope with unique liftings, thus
and f is the E-epireflection, hence (c) holds. Conversely, suppose (c). This implies that G is E-local and f is an E-equivalence. Therefore, f ∈ ( ⊥ F ), i.e. all groups in F are f -local. We conclude that f is an F -envelope, which shows (b). ✷
In all these cases the (co)-Galois groups are trivial, but this holds of course for arbitrary localizations and cellular covers. 
Proof. By Proposition 2.5 we can assume that we have a short exact sequence
which is a well defined homomorphism because i(K) is central. Composing by π we get πψ ′ = π, hence again by hypothesis ψ ′ = Id G which says precisely that ψ = 1.
The other implications are obvious. ✷
The converse of Proposition 2.8 for envelopes holds if we assume that H is abelian or G is nilpotent, as states Theorem 3.6. We do not know if it remains true if H is nilpotent (even for nilpotency class 2). Let ZG be the center of G and Γ r G be its lower central series, defined inductively by
We 
· · ·, G] = 1. We call these elements j-central. We quote the following known properties for later:
Proof. We proceed by induction on j. For j = 1 both (1) and (2) 
For (2), assume that it holds for all j-central elements, and suppose that b is (j+1)-central. 
In the last equality, we have used that [[c, z 1 ], b] ∈ Z j−1 , and hence it can be eliminated.
Indeed,
Here we have applied induction of (2) with the elements [b −1 , z
Theferore, (3.2) and (3.3) coincide, and we have
✷
We adapt this lemma to our purposes.
Proof. Start with
and then apply Lemma 3.2 to get 
Proof. Fix a ∈ Γ i G and z 1 , · · · , z j ∈ G. Let ξ : G → G be the mapping given by
By assumption, [a,
We next show that ξ is a homomorphism. Given x and y of G, we have
We apply Lemma 3.
Both conditions suffice to apply Lemma 3.3 and get:
This implies that ξ is a homomorphism, which satisfies
Then the following are equivalent:
Proof. Proposition 2.8 says that (b) implies (a). To prove that (a) implies (b), let ψ 1 and ψ 2 be endomorphisms of G such that ψ 1 η = ψ 2 η. We want ψ 1 = ψ 2 . This equality follows inmediately if we see first that ψ 1 (x)ψ 2 (x) −1 is central. Indeed, in that case the map ξ : x → xψ 1 (x)ψ 2 (x) −1 defines an element of Gal(η), hence ξ = Id G by (a), which implies ψ 1 = ψ 2 and we are done.
Case H abelian: For each h ∈ H, we have c η(h) η = η which forces c η(h) = Id G by (a).
Case G nilpotent of class at most r ≥ 2, that is [G, Group localizations of Z (and more generally, of any commutative ring with unit) have attracted much attention in the literature. They were called E-rings by Schultz (see [38] , [5] ). These are commutative rings A with identity 1, for which the evaluation at 1, is an isomorphism End(A) ∼ = A of rings. The following is an envelope of Z, similar to 4.1. We know from [36] that if H → G is a localization between two finite groups, and H is perfect, then G is perfect too. This is no longer true for envelopes.
Example 4.5 The inclusion A n ֒→ S n of the alternating group into the symmetric group is an envelope for n ≥ 5.
In [35] it is given a criterium that permits to know when an inclusion of finite simple groups is a localization. For envelopes we have the following characterization. 
Any subgroup of G which is isomorphic to H is conjugate to H in Aut(G).
Furthermore, Gal(ϕ) is isomorphic to the centralizer subgroup of H in G. 
✷
Observe also that the equivalences of Theorem 3.6 also hold for finite simple groups. Göbel-Rodríguez-Shelah [22] and Göbel-Shelah [24] found out that every finite simple group admits arbitrarily large localizations.
Question 4.10 Which finite simple groups admit arbitrarily large envelopes with a prescribed Galois group?
